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Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
casewe havediscretetime.

The evolution of anorbit with initial condition
P(0)=(%(0), %( 0 ) ,\0)) X

IS governedby the equationsof map T
P(i +1)=T P(i) ,
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Chaos
Definition [Devaney(1989]
Let V beasetandf: VY V amap on this set

We saythat f is chaoticon V If

1. f hassensitive dependence on initial conditions.

2. fistopologically transitive.

3. periodic points are densan V.

Usually, in physics and applied sciences, people use
the notion of chaos in relation to the sensitive
dependence on initial conditions.
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Chaos detection techniques

A Based onthe visualization of orbits
V Poincar®Surface of Section (PSS)
V the color and rotation (CR) method
V the 3Dphase space slices (3PSt&chnique
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The color and rotation (CR) method

For 3 degreeof freedom Hamiltonian systemsand 4 dimensional symplectic
maps

We consider the 3D projection of the PSSand use color to indicate the 4%
dimension

X -0.1

Katsanikas M and Patsis P A 2011 Int. J. Bif. Chaos 21 467



The 3D phase space slicd8PSS)
technique

For 3 degreeof freedom Hamiltonian systemsand 4 dimensional symplectic
maps

We considerthin 3D phasespaceslicesof the 4D phasespace(eg. |p,] OU
and presentintersectionsof orbits with theseslices

Richter et al. 2014 Phys. Rev. E 89 022902



Chaos detection techniques

A Based onthe visualization of orbits
V Poincar®Surface of Section (PSS)
V the color and rotation (CR) method
V the 3Dphase space slices (3PSt&chnique
A Based orthe numerical analysisof orbits
V Frequency Map Analysis
V 0-1 test



Frequency Map Analysis

Create Frequency Mapsby computing the fundamental frequencies of orbits.

Regular motion: The computed frequencies do not vary in time

Chaotic motion: The computed frequencies vary in time

Frequency Maps — Boxes
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Steier C et al. 2002 Phys. Rev. E 65 056506

Papaphilippou Y and Laskar J 1998 Astron. Astrophys. 329 451



Chaos detection techniques

A Based onthe visualization of orbits
V Poincar®Surface of Section (PSS)
V the color and rotation (CR) method
V the 3Dphase space slices (3PSt&chnique

A Based orthe numerical analysisof orbits
V Frequency Map Analysis
V 0-1 test
A Chaos indicators based otthe evolution of deviation vectors from
a given orbit
Maximum Lyapunov Exponent

FastLyapunov Indicator (FLI) and Orthogonal Fast Lyapunov
Indicators (OFLI and OFLI2)

Mean Exponential Growth Factor of Nearby Orbits (MEGNO)
Relative Lyapunov Indicator (RLI)

Smaller ALignment Index 7 SALI

GeneralizedALignment Index T GALI

< <

< < < <



Variational Equations

We use the notation x = (94,0, ,dn.P1,P»€ Py’ The
deviation vector from a givenorbit is denotedby

v = (Ux,, UX,, eux,)", with n=2N

The time evolution of v Is given by
the sacalled variational equations:

dv .
—=-J® ¢
dt
where
30 | G 2
g e o WH oo

Benettin & Galgani, 1979, in Laval and Gressillon (eds.), op cit, 93



Symplectic Maps

Consider an 2N-dimensional symplectic map T. In this
casewe havediscretetime.

The evolution of anorbit with initial condition
P(0)=(%(0), %( 0 ) ,\0)) X

IS governedby the equationsof map T
P(i +1)=T P(i) ,

The evolution of an initial deviation vector

v(0) = [@x,(0), ux,( 0 ) Uxg(0))
IS given by the correspondingangent map

it )= 2 &) iz o012,
UP |,



Maximum Lyapunov Exponent

Roughly speaking,the Lyapunov exponentsof a given orbit characterizethe
meanexponentialrate of divergenceof trajectories surrounding it.

Consider an orbit in the 2N-dimensional phasespacewith initial condition

X(0) and an initial deviation vector from it v(0). Then the mean exponential
rate of divergenceis.

1071}

1 0l
mLCE = s,=1im =n - éb‘\‘%;}
ot ”V(O)“ ’ 3 ./\.\ii%\
_3 Ny
Regular motion " N
Chaotic motion N —

Figure 5.7. Behavior of o , at the intermediate energy £ = 0.125 for initial points

taken in the ordersd (curves 1-3) or stochastic (curves 4-6) regions (after Benettin
et al., 1976).

If we start with more than one linearly independentdeviation vectors they

will align to the direction defined by the largest Lyapunov exponent for
chaoticorbits.



Maximum Lyapunov Exponent
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Maximum Lyapunov Exponent

H ® n -¢lailessystem:Regular orbit and Chaotic orbit
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The
Smaller ALignment Index
(SALI)
method



Definition of the SALI

We follow the evolution In time of two different initial

deviation vectors (v,(0), v,(0)), and define the SALI (Ch.S.
2001, J. Phys A) as

SALI() = min {JE(t)+ vEQ) |V £)-v (B[]

where

v,

£ (1) =
Hv H
When the two vectorsbecomecollinear

SALI (t) Y O
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Behavior of the SALI for chaotic motion

For chaotic orbits the two initially
different deviation vectors tend to
coincide with the direction defined

by the maximum Lyapunov /..
exponent £ (1 -

() SALI(t)

Trajectory



Behavior of the SALI for chaotic motion

We test the validity of the approximation |SALIOe (U2t (Ch.S,,
Antonopoulos, Bountis, Vrahatis, 2004 J. Phys. A) Tor a chaaotic orbit

of the 3D Hamiltonian

H = 3 W 2402+ a2 +02
=da ?(qi p7)+9,9,+0,0,
i=1

with ¥,=1, ,=£.4142 =£.7321 @09
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Applications 1 H® n -dlailessystem

AS an exa

mple,we considerthe 2D H ® n tl@ilessystem
L, . : L, . ; : L .
Hy = 5(10;21: Jm’Uf,) + 5(1132 +y?) + 2%y — §y3

For E=1/8 we considerthe orbits with initial conditions;
Regular orbit, x=0, y=0.55, p,=0.2417, p,=0

Chaotic orbit, x=0, y=-0.016, p,=0.49974 p,=0

Chaotic orbit, x=0, y=-0.01344, p=0.49982, p=0
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Applications I 4D map

Tl

Xj = X, tX,

Xp = X,-nsin(x, +X,)- mMl-cos(x +X% + x+X

b 2 (1 2) ”i ()1( X X 4)] (mod2p)
Xp = X3+X,

Xi = X,-ksin( +x,)- mML-cos(x +x +x+x)]

For3=0.5, 5=0.1, £=0.1 we considerthe orbits
regular orbit C with initial conditionsx,=0.5, x,=0, x;=0.5, x,=0.
chaoticorbit D with initial conditionsx,=3, x,=0, x,=0.5, x,=0.
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The
GeneralizedALignment Indices
(GALIS)
method



Definition of the Generalized
Alignment Index (GALI)

SALI effectively measuresthe 6 a r & thé@parallelogram
formed by the two deviation vectors.
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Definition of the GALI

In the caseof an N degreeof freedom Hamiltonian systemor
a 2N symplecticmap we follow the evolution of

k deviati on vectors wi

and define (Ch.S., Bountis, Antonopoulos, 2007, PhysicaD)
the GeneralizedAlignment Index (GALI) of order k :

I

where



